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Abstract: Since the development of the concept of Fundamental Ideas, they point out that
learning mathematics in schools must involve more than merely presenting these ideas. In addi-
tion, we must enable our students to develop a positive attitude towards learning, including af-
fect-related aspects that inspire a sense of excitement about discovery and self-confidence in
one’s abilities. In this paper, a theory of Fundamental Ideas is presented that combines and
complements previous concepts. For implementing mathematical education in schools, this the-
ory is reduced and solidified to its core. It can be used to analyse and create a learning setting
focusing on affect-related aspects of learning and teaching mathematics. The usage is elucidated
through an example, emphasising the planning of a lesson in the field of geometry.
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1 Introduction

Joy, enthusiasm, curiosity, interest, intuition, creativity and persistence are essential to
the pursuit of mathematics — they concern the essence of those engaged in mathematics
(Hadamard, 1996).

In mathematics education, we should aim to transmit not only cognitive aspects
(such as content knowledge and heuristics) to the learners but also affect-related aspects
(such as scientific perspectives, attitudes, and dispositions). For engagement with math-
ematics, these are at least the seven aspects mentioned, which have been highlighted by
great mathematicians, like Poincaré (1905), Hardy (1967), Hadamard (1996) or Wiles
(2016), and surely each of us has experienced and felt them in our own engagement with
mathematics. Unfortunately, affect-related aspects are often overlooked in lesson design
at school. At least, they are seldom the starting point for planning a specific learning
unit.

In order to address this, I propose two potential approaches. Firstly — and this is the
main body of this paper — aligning instructional strategies with the Fundamental Ideas
of mathematics, as originally stated by Bruner (1960). Fundamental Ideas can be defined
as central aspects of mathematics and mathematical practices which recur across diverse
subdomains, and therefore, provide a cohesive framework for interconnecting various
content domains of mathematics in school. Although Bruner originally considered affect-
related aspects in the exploration of Fundamental Ideas, these aspects are scarcely ad-
dressed in later research works. So as a first step, I will briefly outline a concept that re-
fers to Fundamental Ideas as mathematical content, activities and also as specific atti-
tudes. The aim of this paper then is to present and use the framework of the Penta-
graphic Net (Figure 3), as a theoretical starting point for a discussion about how teach-
ers, in different ways can evaluate teaching material or teaching settings while focusing
on Fundamental Ideas. The Pentagraphic Net itself is a didactical tool that combines,
concretise, and reduces the complexity of various concepts of Fundamental Ideas. As it
also highlights affect-related aspects it can help to emphasise them from the planning of
a lesson onwards.

With the second approach, which will be just an outlook in this paper, the teachers
themselves now come into focus. Their cognitive and affect-related experiences of engag-
ing in mathematics, their attitudes, perspectives, beliefs about learning processes, and
ultimately their commitment to their learners play a central role in instruction and also
transfer to the learners (Frenzel & Gotz, 2018). So, in order to develop teaching units
that enable students to have a positive emotional experience with mathematics, the atti-
tudes of teachers must also be taken into account.

2 Theory of Fundamental Ideas
When Bruner first developed the concept of Fundamental Ideas, he pointed out “that the

curriculum should no longer consist solely of disconnected factual knowledge but should
emphasise the core of the educational process, which is non-specific transfer” (Bruner,
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1960, p. 18). This means that, at first, a general idea is learned, not a specific skill. This
general idea then is used to recognise later problems as special cases of the concept.
Bruner calls “general” ideas “fundamental” as “they lie at the heart of all science and
mathematics” and have a “wide as well as powerful applicability” (Bruner, 1960, p. 19).
Bruner also mentions that Fundamental Ideas involve affect-related aspects, like a spe-
cific “attitude towards learning and inquiry, towards guessing and hunches, towards the
possibility of solving problems on one’s own” (Bruner, 1960, p. 20). With these aspects,
he aims to cultivate “a sense of excitement about discovery [...] and a resulting sense of
self confidence in one’s abilities” (Bruner, 1960, p. 20).

From a research point of view, this vague definition immediately raises the question:
What are the Fundamental Ideas of mathematics? Bruner himself does not provide spe-
cific examples of Fundamental Ideas but aims to address this question collaboratively
with experts in the respective fields and educators from practical teaching experience. In
the past 60 years, numerous scholars from the fields of mathematics and didactics have
responded to this call. Figure 1 provides an overview with a focus on the really strong re-
search tradition in Germany-speaking countries. But certainly, the concept of Funda-
mental Ideas has played a role in other countries too. Examples are found in Halmos
(1981), Steen (1990) and Bishop (1991), as well as in the “ABCMath”-project funded by
the EU focused on designing teaching based on so-called “Big Ideas” (Kuntze et al.,
2011).

Figure 1. Research works arranged on a timeline.
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Consequently, there is now a substantial number of formal definitions and cata-
logues of Fundamental Ideas, which differ significantly from each other. An overview is
given in (von der Bank, 2016), (von der Bank, 2023) and (Vohns, 2016). The range of
ideas mentioned spans from, e.g., geometric series, quotient structure and eigenvalues
(Halmos, 1981) as mathematical content to activities like locating, designing, playing
and explaining (Bishop, 1991). Schweiger (2010) sees this diversity as an opportunity,
particularly for instruction: "Finding an individual catalogue that can be revised repeat-
edly could be a rewarding part of the didactic reflection accompanying instruction”
(Schweiger, 2010, p. 1).

Following this suggestion, I will now state my own understanding of Fundamental
Ideas and then outline my catalogue of Fundamental Ideas. Due to limited space in this
paper, I can only provide a brief summary. For a detailed rationale, please refer to (von
der Bank, 2016). However, the objective in my design was to align with the general con-
ceptualization (Wedman, 2020) and, therefore, to open up the formal and prototypical
understanding of existing concepts, thus closing gaps that have existed so far. Due to its
broad scope, my catalogue provides teachers with room for individual appropriation and
setting of priorities in the classroom. My concept of Fundamental Ideas also explicitly
takes into account attitudes that are typical for those engaged with mathematics. There-
fore, I define Fundamental Ideas as central aspects of mathematics and mathematical
activity, such as content, actions, and attitudes. It is their interplay that constitutes the
essence of mathematics.

Similar to Bruner's original definition, mine is intentionally kept open to allow room
for individual appropriation. This expanded conceptual understanding influences my
catalogue of ideas (Figure 2), which integrates existing ones from research tradition and
structures them more strongly into categories, namely Concept Ideas, Theory Ideas and
Content Ideas which refer to the character of mathematic as a product. The process side
of mathematics is described with the categories of Process Ideas, Linking Ideas and Op-
eration Ideas. The catalogue explicitly considers (positive) attitudes towards inquiry
through the category of Personality Ideas, thus covering the broad interplay between the
World/Individual and Mathematics.

Figure 2. Fundamental Ideas in the interplay of World/Individual and Mathematics.

W‘.m.ld < » Mathematic
Individual
strategies, heuristics, sects. hisrarchies
Personality Ideas actio:s. operations :;:‘::.L{::k?li;jr::l];;|z;1‘[|0ns
::Ezli;sgind curisosity, | Linking Ideas | |Operation Ideas | fields, epistemic- and
gt i I PR proving cultures,
creativity, problem solving, approximating, optimizing,
persistance modeling, algorithmizing, networking, systems, languages
arguing, dualizing, ordering, structuring, Algebra, Arithmetic
querying, exactifying, formalizing, Calculus, Geometry
depict, fitting, generalizing, Probability & Statistics,
communicate proving, deducing :

Algorithm
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In this interplay, Concept Ideas, Content Ideas and Theory Ideas can be located on
the side of mathematics. Concept Ideas and Content Ideas encompass mathematical con-
tent from various fields and ideas that are significant for mathematical concepts, such as
the objects defining these concepts and their orders forming networks. These two catego-
ries of ideas thus serve a direct description and organization of mathematics. Fields and
cultures of knowledge and justification, summarised in the Theory Ideas, however, do
not primarily describe the content of mathematics but its framework. They entail histori-
cal changes in science and educational policy influences on mathematics. For example, it
is subject to a constantly changing scientific zeitgeist to aggregate specific content into
fields and an educational zeitgeist to select from the fields of mathematics those for
mathematics instruction. Also, the demanded level of rigor in concept definitions or
proofs can change. Therefore, the Theory Ideas are situated on a meta-level that influ-
ences both Concept Ideas and Content Ideas.

The direct interplay of the two sides is described in the above model through Process
Ideas, Linking Ideas and Operation Ideas. The more abstract Process Ideas signify that
mathematicians, when engaging with mathematics, develop typical approaches that can
be categorised into strategies, heuristics, actions, and operations (as reversibly conceiva-
ble actions). Linking Ideas and Operation Ideas encompass the concrete interaction of
people with mathematics. Linking Ideas tend to originate more from mathematics, in the
sense that a person solves a specific mathematical problem and models, communicates,
questions, etc. Operation Ideas are more reversed in direction. Here, the person acts on
mathematics by executing operations with and on mathematical content (e.g., optimizing
the value of a function).

With the category of Personality Ideas, the individual as a researching mathemati-
cian comes into focus. These ideas reflect personal attitudes that play a central role in
engaging with mathematics and drive the research process forward. Without interest and
curiosity, one would not even turn to a mathematical problem in the first place. In the
process of finding solutions, intuition and creativity are just as important as domain-spe-
cific knowledge. Finally, persistence is required to solve mathematical problems. This is
e.g., how Wiles (2016) characterised what is important for dealing with mathematics and
what enabled him to prove Fermat’s last theorem.

3 Fundamental Ideas in mathematics education

This theory is too complex to be used directly in mathematics instruction. It requires a
reduction to become a manageable tool for teachers. Here the question of the essential
aspects and functions of Fundamental Ideas in instruction becomes guiding. In line with
the research tradition of Fundamental Ideas, these ideas serve the reasoned selection of
learning material and the integration of relevant aspects of mathematics in teaching.
Like Bruner stated Fundamental Ideas should facilitate multiple connections between
aspects relevant to teaching. For mathematics instruction these relevant aspects can be
visualised as nodes of this Pentagraphic Net in Figure 3 (right side). The nodes of the
Pentagraphic Net are derived from the categories presented above, where the Funda-
mental Ideas mentioned there are organised, specified, and summarised. This process is
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indicated by arrows in Figure 3 (left side).

Figure 3. Reduced theory of Fundamental Ideas to the Pentagraphic Net.

Emergence

Emergence

Person  Representation .//\\- Person

—

Representation

Personality Ideas

Linking Ideas

Content Activities

Content Activities

While the process of transitioning from the categories of ideas to the nodes of the
Pentagraphic Net is complex, I will not go into detail. But I would like to convey an idea
of the procedure through some illustrative assignments.

From the concretisations of Process Ideas and the summary of rather application-
oriented Linking Ideas, and rather intramathematical Operation Ideas, the node ‘Activi-
ties’is formed. The node ‘Content’ encompasses the Content Ideas (as concretisations of
mathematical fields), as well as the content aspects of the Concept Ideas, such as objects
and their characterisation. Proofs also belong to this node as part of the Theory Ideas.

The use of different representations of objects and concepts, as well as important as-
pects of concept formation such as the distinction between visualisation and representa-
tion, and cognitive preferences and levels of representation, are derived from the Con-
tent and Concept Ideas, and they are summarised in the node ‘Representation’.

To convey an appropriate understanding of mathematics as a process and a product,
suitable problems and solutions should also address their historical emergence. The in-
fluences of Theory Ideas on Concept Ideas and Content Ideas, as described above, are
therefore implemented in the node ‘Emergence’ for instruction. This is an important
node of the Pentagraphic Net but it will not be the focus of its following demonstration in
this paper.

Last, the node ‘Person’ encompasses the ideas related to personality.

Even the edges of the Pentagraphic Net are meaningful. They visually represent rele-
vant connections between two nodes.

4 Using the Pentagraphic Net in everyday teaching

The resulting Pentagraphic Net can be used by teachers as a didactic tool for the de-
scriptive analysis of networking possibilities present or omitted in textbooks. The nodes
serve to capture the Fundamental Ideas addressed in the material, while the edges arise
from the connections stimulated between nodes in the analysed material. In everyday
teaching, the following steps have proven effective: Firstly, a rough scan of the entire
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topic in the textbook is conducted, focusing on the ‘Content’ node. Anchor points are es-
tablished and noted down to identify the ‘common thread’ in a textbook chapter. The
other nodes serve as points of orientation and may draw attention to specific features at
this stage. This is followed by a detailed analysis with a focus on each individual node.
Starting from the ‘Content’, the ‘Activities’ prompted in the textbook (types of knowledge
construction, intra- and extra-mathematical activities, strategies, and heuristics) as well
as the ‘Representations’ used (types of presentations, symbolic systems, cognitive prefer-
ences) can be examined. The historical ‘Emergence’ node (e.g., historical solution meth-
ods) and the ‘Person’ node (research questions that spark interest and curiosity, open
and/or complex tasks that allow room for intuition and creativity while demanding per-
sistence) then come into focus. This detailed analysis reveals the Fundamental Ideas
contained in the textbook for each node, which then serve as a basis for discussing the
edges (von der Bank, 2016).

The Pentagraphic Net can also be of use in a normative sense for lesson planning.
Drawing from my practical teaching experience, I would like to share how this can be im-
plemented. To illustrate, I will discuss the planning of a geometry lesson for 10-year-old
students. Using the Pentagraphic Net for analysing the textbook revealed various content
such as geometric shapes and bodies, surface areas, and concepts like parallel or dis-
tance. Thus, anchor points were set in the node ‘Content’. Furthermore, it was noticeable
that paper folding was frequently employed while simultaneously posing geometric
problems (e.g., Where are all points located that are equidistant from two given
points?). I decided to combine both approaches to generate excitement through a playful
exploration using origami paper, while simultaneously providing room for the research
process with a challenging problem.

The initial task for my students was as follows: Mark a point anywhere on the
square origami paper and fold the bottom left corner onto that point. Describe the
shape of the folded surface. While folding, the students were pleasantly surprised to dis-
cover that triangles and quadrilaterals could emerge. This immediately sparked curiosity
and interest, leading to the research question: Can we predict which point position leads
to which figure? As this is not an easy task, finding a solution relied on intuition and cre-
ativity, and it required persistence and individual support through teamwork. The result
was a lesson with high student activity, focused work, and a lot of self-confidence when
the solution was finally found at the end.

Figure 4 summarises my approach: I began my lesson planning with focus on the
node ‘Person’ and the guiding question: What could be a problem that arouses curiosity
and interest, while being challenging enough to require intuition, creativity, and perse-
verance for its solution? The posed problem demands mathematical ‘Activities’, such as
questioning, organising, arguing, and essential strategies like visualising and breaking
down into subproblems. The treated ‘Content’ includes geometric shapes and the con-
cept of distance. This is crucial for the solution as all points resulting in triangles lie
within two circular lines around the diagonal of the paper. Moreover, various ‘Represen-
tations’ were possible, organised according to enactive, iconic, and symbolic. Only the
historical ‘Emergence’ remains unconsidered in this lesson. Naturally, geometric

LUMAT-B Vol 9 No 2 (2024)



von der Bank (2024) 8/10

problems offer numerous opportunities to explore their historical development, but I de-
liberately deferred that to other lessons to avoid overburdening this introductory ses-
sion.

Figure 4. Summarising my approach using the Pentagraphic Net.

Historical Emergence
Representation Person
Symbolic systems: geometric, conceptual Curiosity, interest: breaking free from routine procedures,
) cognitive conflict as a research question,

Representation levels: enactive - iconic - symbolic experience of autonomy

Cognitive Preferences: predicativ + functional Intuition: free choice of folding point

Consideration of basic and fundamental concepts Persistence: tackling a complex problem through
teamwork and strategies, proposing a structured approach,
acknowledging all results
Creativity: Openness of solution methods, encouragement
of asking questions, going beyond the problem

Content Activities
Objects/ Concepts: different types of relationships Knowledge building: explorativ

between lines, polygons

Operations: organise, precisify,

Contents from the ficlds: geometrie (2D and 3D), systematise, prove, comment, question,
measurement argue, communicate

Problemsolving and Heuristics Heuristics and Strategies: systematic trial and error,
breaking down into subproblems, visualize

5 Conclusion and Outlook

Mathematics, the practice of mathematics, and school learning encompass more than
just cognitive aspects. This has been emphasised repeatedly. However, affect-related as-
pects such as joy, enthusiasm, curiosity, interest, intuition, creativity, and persistence are
often overlooked in lesson design.

With the presented Pentagraphic Net, teachers have a manageable tool at their dis-
posal that conveys the richness of mathematics in the classroom and stimulates the
teacher's engagement with the subject matter. This enables them to make pedagogical
decisions for their student group. At the same time, this approach to lesson planning
acknowledges affect-related aspects as equally important as content, representations, ac-
tivities, and historical emergence. Thus, a positive emotional experience in mathematics
instruction can be emphasised from the planning stage onwards. Hopefully, the given
demonstration of the practical use and the added value for lesson planning with the Pen-
tagraphic Net, will encourage teachers to structure their teaching around Fundamental
Ideas and, maybe, even start with a focus on Personality Ideas.

However, the role of the teacher in the classroom cannot be limited to planning les-
sons. Besides suitable learning materials, the demonstration of positive emotions related
to the subject matter by the teacher is also a factor that can favour the learners' emotions
(Frenzel & Gotz, 2018, p. 116). Although empirical research yields contrasting results
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regarding the direct influence of positive emotions from both the teacher and the learn-
ers (Carmichael et al., 2017, p. 458), it is still worthwhile to reconsider the role of the
teacher in the classroom.

The interplay between teacher and students cannot be described using the theoreti-
cal language of Fundamental Ideas. It resides in the atmosphere of the classroom and
manifests through the demonstration of joy and enthusiasm for mathematics, as well as
through a respectful and warm relationship between teachers and students. In this re-
gard, educational psychology highlights three empirically researched personality traits of
teachers that can help to create a positive learning environment. Specifically, they are as
follows: positive regard and attention, empathetic non-judgmental understanding of
the students' world of experience, and authenticity (Tausch, 2018).

It is easy to imagine that educators who possess these three personality traits would
interact with their learners in a highly appreciative manner and create a conducive learn-
ing atmosphere in the classroom. This has also been supported by surveys conducted
with learners. The students “were more spontaneous, expressed their own thoughts and
feelings more openly in class, had less fear, perceived their teachers more positively
(more respectful, empathetic, and genuine), and reported personal growth in the class-
room” (Tausch, 2018, p. 639). The positive perception of the classroom by the students
also has an impact on the feelings of the teachers. “In our studies, teachers' beliefs about
their control over achieving instructional goals have been found to be significant for their
personal experiences” (Frenzel & Gotz, 2007, p. 294). This is also in line with Pekrun's
Control-Value Theory, which suggests that we experience situations positively when we
attribute a high personal value to them and simultaneously have a high sense of control
over them (Pekrun, 2006).

So, a worthwhile next step would be to investigate how lesson planning with the Pen-
tagraphic Net could also impact the classroom atmosphere. It would be interesting to ex-
plore if such planning leads to learning environments that are more positively perceived
and valued by students. Furthermore, potential repercussions, in the sense of Pekrun's
Theory, on teachers could then be investigated. In any case, a person-focused approach
to mathematics instruction, in which both the emotional experiences of students and
teachers are taken into account, offers a wide field of research.

References

Bishop, A. J. (1991). Mathematical enculturation. Springer. https://doi.org/10.1007/978-94-009-2657-8
Bruner, J. (1960). The process of education. Harvard University Press.

Carmichael, C., Callingham, R., & Watt, H. M. G. (2017). Classroom motivational environment influences on
emotional and cognitive dimensions of student interest in mathematics. ZDM, 49(3), 449—460.
https://doi.org/10.1007/s11858-016-0831-7

Frenzel, A. C., & Gotz, T. (2007). Emotionales erleben von lehrkriften beim unterrichten. Zeitschrift fiir
Pddagogische Psychologie, 21(3/4), 283—295. https://doi.org/10.1024/1010-0652.21.3.283

Frenzel, A. C., & Gotz, T. (2018). Emotionen im lern- und leistungskontext. In D. H. Rost, J. R. Sparfeldt & S. Buch
(Eds.), Handwérterbuch pddagogische Psychologie (5., iiberarbeitete und erweiterte Auflage, pp. 109—118).
Beltz.

Hadamard, J. (1996). The mathematician’s mind: The psychology of invention in the mathematical field.
Princeton University Press.

LUMAT-B Vol 9 No 2 (2024)


https://doi.org/10.1007/978-94-009-2657-8
https://doi.org/10.1007/s11858-016-0831-7
https://doi.org/10.1024/1010-0652.21.3.283

von der Bank (2024) 10/10

Halmos, P. R. (1981). Does mathematics have elements? The Mathematical Intelligencer, 3(4), 147—-153.
https://doi.org/10.1007/BF03022973

Hardy, G. H. (1967). A mathematician’s apology. Cambridge University Press; Cambridge Core.
https://doi.org/10.1017/CB09781139644112

Kuntze, S., Lerman, S., Murphy, B., Kurz-Milcke, E., Siller, H.-S., & Winbourne, P. (2011). Professional knowledge
related to big ideas in mathematics — An empirical study with pre-service teachers. In M. Pytlak, T. Rowland &
E. Swoboda (Eds.), Proc. 7th Cong. Of the European Society for Research in Mathematics Education (pp.
2717—2726).

Pekrun, R. (2006). The control-value theory of achievement emotions: Assumptions, corollaries, and implications
for educational research and practice. Educational Psychology Review, 18(4), 315—341.
https://doi.org/10.1007/s10648-006-9029-9

Poincaré, H. (1905). Science and hypothesis. Walter Scott. www.gutenberg.org/ebooks/37157

Schweiger, F. (2010). Fundamentale Ideen. Shaker Verlag.

Steen, L. A. (1990). On the shoulders of giants: New approaches to numeracy. The National Academies Press.
https://doi.org/10.17226/1532

Tausch, R. (2018). Personenzentrierte Unterricht und Erziehung. In D. H. Rost, J. R. Sparfeldt & S. Buch (Eds.),
Handworterbuch Pddagogische Psychologie (5th ed., pp. 637-644). Beltz.

Vohns, A. (2016). Fundamental ideas as a guiding category in mathematics education: Early understandings,
developments in German-Speaking countries and relations to subject, matter didactics. Journal Fiir
Mathematik-Didaktik, 37(1), 193—223. https://doi.org/10.1007/s13138-016-0086-4

von der Bank, M.-C. (2016). Fundamentale ideen der mathematik—Weiterentwicklung einer theorie zu deren
unterrichtspraktischer Nutzung [Saarland University]. http://dx.doi.org/10.22028/D291-26673

von der Bank, M.-C. (2023). Freude ... und weitere nichtkognitive Ziele von Mathematikunterricht. In A. Filler, A.
Lambert & M.-C. von der Bank (Eds.), Freude an Geometrie — Zum Gedenken an Hans Schupp: Vortrdge auf
der 36. Herbsttagung des Arbeitskreises Geometrie in der Gesellschaft fiir Didaktik der Mathematik vom 10.
Bis 12. September 2021 in Saarbriicken (pp. 1—41). Springer Berlin Heidelberg. https://doi.org/10.1007/978-
3-662-67394-2_1

Wedman, L. (2020). The concept concept in mathematics education: A concept analysis [Doctoral thesis,
monograph, University of Gothenburg]. In Gothenburg Studies in Educational Sciences (1—450). DiVA.
http://urn.kb.se/resolve?urn=urn:nbn:se:du-35169

Wiles, A. (2016, December 1). What does it feel like to do math? [Plus-Article based on a press conference given by
Andrew Wiles at the Heidelberg Laureate Forum in September 2016]. https://plus.maths.org/content/andrew-
wiles-what-does-if-feel-do-maths

LUMAT-B Vol 9 No 2 (2024)


https://doi.org/10.1007/BF03022973
https://doi.org/10.1017/CBO9781139644112
https://doi.org/10.1007/s10648-006-9029-9
https://doi.org/10.17226/1532
https://doi.org/10.1007/s13138-016-0086-4
http://dx.doi.org/10.22028/D291-26673
https://doi.org/10.1007/978-3-662-67394-2_1
https://doi.org/10.1007/978-3-662-67394-2_1
http://urn.kb.se/resolve?urn=urn:nbn:se:du-35169
https://plus.maths.org/content/andrew-wiles-what-does-if-feel-do-maths
https://plus.maths.org/content/andrew-wiles-what-does-if-feel-do-maths

	1 Introduction
	2 Theory of Fundamental Ideas
	3 Fundamental Ideas in mathematics education
	4 Using the Pentagraphic Net in everyday teaching
	5 Conclusion and Outlook
	References

