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Mathematical thinking and understanding
in learning of mathematics

We both editors have wondered and studied “What is mathematical thinking?”
more than thirty years. At least the question could be recognized behind most of our
research projects concerning studies in mathematics education from little school chil-
dren to university students. The concept “mathematical thinking” can be found in sev-
eral studies of mathematics education, in national curricula or in media during the
decades all over the world. We searched words “mathematical thinking” from the da-
tabase of international scientific articles, and we found 456 707 mentions at first time.
These are the main reasons why we have chosen “mathematical thinking” as the cen-
tral concept of the special issue. The other interesting question from our point of view
is how a student can express his/her mathematical thinking? By answering this ques-
tion, we have made simple model for the teacher education purposes, and we call it
“languaging” (of mathematical thinking). In the following, we lead to the above con-
cepts and prepare the presentation of articles in this journal.

Sternberg (1996) has studied different approaches to the concept of mathematical
thinking. He found at least five different points of view to describe the concept. They
are anthropological, information process, mathematical, pedagogical, and psycho-
metric approach. For example, in the anthropological approach the central starting
point is the surrounding culture (e.g. ethnomathematics d’Ambrosio, 1985), in the in-
formation process different types of knowledge in mathematics (e.g. Joutsenlahti,
2009) or in psychometric the abilities in doing mathematics (e.g. Krutetskii, 1976).
We can interpret that the pedagogical approach in the school context takes account
on beliefs and problem solving (e.g. Pehkonen, 1998, 2007 and Hannula, 2004) in
thinking processes. We have used the information process approach in describing the
concept of mathematical thinking, and we described knowledge (meaningful infor-
mation) as conceptual and procedural (Hiebert & Lefevre, 1086). Student’s metacog-
nition guides his/her thinking. Oikkonen and Hannula have taken the viewpoint to
mathematical thinking David Tall’s framework of the three worlds of mathematics in
their article “The three worlds and two sides of mathematics and a visual construc-
tion for a continuous nowhere differentiable function”. In their theoretical article,
they further elaborate Tall’s framework and demonstrate this framework by discus-
sion on the definition of continuity. Kayan Fadlelmula’s article “A PRISMA System-
atic Review on Enablers and Obstacles in Teaching and Learning of Mathematics”
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is systematic review on the current issues positively and negatively affecting teaching
and learning in mathematics and the data was gathered from the studies published in
the LUMAT -journal. Metsamuuronen’s and Ukkola’s article “Rudimentary stages of
the mathematical thinking and proficiency - Mathematical skills of low-performing
pupils at the beginning of the first grade” based on the national-level dataset (n =
7770) at grade 1 of primary school in Finland and the focus is on those pupils whose
preconditions are so low that they are below the first measurable level of proficiency
in the common framework with reference to mathematics.

When we were young teachers, we often thought How we can express math-
ematical thinking? and especially how we could encourage students to do it by
many ways? Traditionally, in mathematics classes, students work quietly with their
own textbook and asked for help only from the teacher. We didn’t often know what
kind of thoughts our students had about the solutions processes of mathematics prob-
lems. Nevertheless, we finally understood that if we get a student to speak about math-
ematics — we get him/her to think mathematics and we can hear his/her mathematical
thinking! Also, we can see it if the student does it by writing or/and drawing (see e.g.
Morgan, 2001). We call this process languaging of mathematical thinking, which is
based on a model of four “languages”. They are mathematical symbolic language, nat-
ural language, pictorial language, and tactile action language (Joutsenlahti & Kulju,
2017; Joutsenlahti & Perkkila, 2019). The most effective benefit of languaging for the
student is that when the student expresses mathematical thoughts by his/her own
words then he/she structures his/her thinking and by that way understands mathe-
matical concepts and procedures better. It is for the teacher easy to evaluate student’s
thinking and give help if needed. When a student expresses his/her mathematical
thinking (s)he can use different multimodal approaches (e.g. the four “languages”).
Theoretically, the multimodal languaging model is related to multiliteracy (Kalanzis
& Cope, 2012). When a student makes meanings for the mathematical text the lan-
guages can be seen as a multi-semiotic approach, where the different languages make
it possible to construct many kinds of meanings for concepts in versatile contexts
(Joutsenlahti & Perkkila, 2019). Bjorklund’s, Ekdahl’s, Kullberg’s and Reis’s article
“Preschoolers’ ways of experiencing numbers” directs attention to 5—6-year-olds’
learning of arithmetic skills through a thorough analysis of changes in the children’s
ways of encountering and experiencing numbers. The aim of Kaitera’s and Har-
moinen’s study was to map whether a teaching approach, which focuses on teaching
general heuristics for mathematical problem-solving by providing visual tools called
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Problem-solving Keys, would improve students’ performance in tasks and skills in
justifying their reasoning in their article “Developing mathematical problem-solving
skills in primary school by using visual representations on heuristics”. Francisco’s
article “Supporting Argumentation in Mathematics Classrooms: The Role of Teach-
ers’ Mathematical Knowledge” addresses a documented need for a better under-
standing of the relationship between mathematical knowledge for teaching and in-
struction by focusing on how the knowledge influences teachers’ support of argumen-
tation. Rinneheimo concentrates on the use of languaging exercises in the engineering
mathematics course in Finland in her article “I solved a derivative — but what does it
actually mean? Languaging and conceptual understanding in engineering mathe-
matics.”

We have thought about the relationship between conceptual understanding
and mathematical thinking. The development of mathematical thinking is em-
phasized in the Finnish curricula of pre-school and school education. The main goal
of the curricula is to develop a student’s mathematical thinking and understanding
about mathematics. Hiebert and Lefevre (1986, p. 3—8) have defined conceptual and
procedural mathematical knowledge. According to them, procedural knowledge refers
to those procedures that are needed to solve mathematical tasks and problems. Con-
ceptual knowledge can be described as the richness of knowledge in relationships be-
tween things which 'can be thought of as a connected web of knowledge, a network in
which the linking relationships are as prominent as the discrete pieces of information.
Relationships pervade the individual facts and propositions, so that all pieces of in-
formation are linked to some network' (Hiebert & Lefevre, 1986, pp 3—4). Both defi-
nitions of procedural and conceptual knowledge share commonalities with Skemp’s
definitions of similar concepts (Skemp, 1976). Hiebert and Lefevre's (1986) descrip-
tion of procedural knowledge resembles the definition of instrumental knowledge by
Skemp (1976), which can be seen as the application of finished formulas and models
to certain kinds of tasks. In the definitions of conceptual knowledge, both Hiebert and
Lefevre (1986) and Skemp emphasize understanding about the connections made by
mathematical concepts. When these connections between concepts are built purpose-
fully in teaching, students gradually develop an understanding about the network of
mathematical concepts. Thus, a student does not use loose mathematical concepts;
(s)he understands the whole system of them. The interactivity of the learning envi-
ronment, student’s timely support and received feedback and the process of becoming
accepted as oneself contributes to the construction of a sustainable first-hand
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mathematical knowledge and skills base, i.e. the building of mathematical compe-
tence. It is important that the learning community (teachers and students) have a feel-
ing let's do it together, talk and model mathematical solutions through the means of
languaging.

Early mathematical skills build a foundation for the individual's comprehending
learning of school mathematics skills and mathematical knowledge. The level of de-
velopment and mathematical knowledge of students’ early mathematical skills meet
no later than preschool. In order to develop the student's mathematical thinking
skills, we need to understand how (s)he learns mathematics. Preschool age and ele-
mentary school students are on the concrete level of mathematical thinking, and it is
reflected in their actions. Conceptual understanding develops best in a sociocultural
context by collaborative working methods where students construct their own math-
ematical thinking through drawings, using mathematical symbolic language, concrete
and verbal actions (e.g. Perkkila & Joutsenlahti, 2021). This viewpoint is in line with
Vygotsky’s theory, which emphasizes the sociocultural perspective. Building a math-
speaking community where everyone is a teacher and learner is crucial for students
building a conceptual network in a particular math area. (e.g. Fuson, 2019.) This al-
lows all students from preschool to university to build their own mathematical think-
ing from their own mathematical skill level. By supporting the construction of stu-
dent’s mathematical thinking and conceptual understanding, we support sustainable
development from the perspective of learning mathematics (e.g. Joutsenlahti & Perk-
kila, 2019; Perkkila & Joutsenlahti, 2021).

Algebraic thinking is an important part of mathematical thinking. Both Sanna
Wettergren and Inger Eriksson and Natalia Tabachnikova have studied how to pro-
mote young students’ algebraic thinking in their articles. Wettergren explored how
teaching aiming to promote young students’ algebraic thinking can be designed in her
article “Identifying and promoting young students’ early algebraic thinking”. Eriks-
son and Tabachnikova have sought answers for the development of algebraic thinking
with an example based on a case study that describes how young students can theo-
retically study and reflect some aspects of the equations in their article “IE “Learning
models”: utilising young students’ algebraic understanding of equations”. Kam-
bara’s and Tossavainen’s articles focus on examining conceptual understanding in
students studying to be a teacher. Kambara’s article “Understanding of "proportion”
and mathematical identity: A study of Japanese elementary school teachers’ ex-
plores and clarifies the level of conceptual understanding of “proportions” among
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Japanese students who hope to become elementary school teachers in the future.
Tossavainen’s article “Student Teachers’ Common Content Knowledge for Solving
Routine Fraction Tasks” focuses on the knowledge base that Swedish elementary
student teachers demonstrate in their solutions for six routine fraction tasks.

We think that we have got very good sample of scientific articles to our Special Issue.
Thank you for all the writers, you have done excellent work!

Tampere and Kokkola 3.6.2022
Guest Editors
Jorma Joutsenlahti and Paivi Perkkila
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