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The aim of this study is to identify the basic components of the mathematical proof 
process in abstract algebra and to organize the proof process into phases with the 
help of these basic components. A basic component form was prepared by 
arranging a draft basic component form, which was created as a result of a 
document analysis in accordance with the opinions of three academicians, who 
were experts in algebra. The data obtained as a result of both document analysis 
and expert examination were analyzed by the descriptive analysis method and are 
explained here in a detailed manner. It is believed that this basic component form 
will facilitate the step-by-step addressing of such a complex process as proofs in a 
non-compulsory and non-hierarchical order. 
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1 Introduction 

The aims of mathematics are to understand the rules on which numbers, algebra, and 
geometry are based; to find new and non-routine ways in these systems; and to 
explain new situations that are encountered. The world of mathematics is a world of 
ideas, insights, and discoveries, which will not be realized by people who are only 
interested in how to separate a function, and it is necessary to use mathematical proof 
and abstraction to enter this world (Goldberg, 2002). A mathematical proof, which is 
far more than just one or several examples supporting a mathematical statement 
(Derek, 2011), is a logical explanation of why a mathematical statement is true 
(Altıparmak & Öziş, 2005). The best proof is the one that helps understand the proved 
theorem by showing not only that it is true but also why it is true (Hanna, 2000). 
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1.1 The purpose of the study 

Proofs constitute the basis of mathematics (CadwalladerOlsker, 2011; Sarı, 2011). 
Therefore, many studies have been conducted on mathematical proofs. However, the 
mathematical proof process was not presented step by step in any study as in this 
study.  

 Abstract Algebra is one of the most important course of mathematics and 
mathematics education at the university level. According to Agustyaningrum, Husna, 
Hanggara, Abadi and Mahmudi (2020), abstract algebra is full of definitions and 
theorems which all require proof. Therefore, the students need to understand every 
definition and theorem they learn and be able to organize the concepts needed to 
proving theorems.  

For that to be possible, students should have the ability to organize the required 
information for proving theorems in abstract algebra. This requires them to have an 
idea about the structure and stages of the proofs.  

Due to these reasons, the mathematical proof process in abstract algebra should 
be examined and presented step by step. The aim of this study is to classify the 
mathematical proof process in abstract algebra with the help of basic components. 
Furthermore, it was also aimed to determine the knowledge that would help students 
facing problems and would also increase their understanding of mathematical proof. 
The following two research questions are posed for this purpose: 

1.  What are the difficulties students face during the mathematical proof process? 
2.  What are the stages of the mathematical proof process in abstract algebra?  

 The answer to the first research question was sought by reviewing the literature 
addressing the difficulties experienced in the mathematical proof process and 
analyzing lecturers and students’ notes in order to see how the mathematical proof 
process in abstract algebra was experienced by students and teacher candidates and 
what kinds of difficulties they faced in this process. Similarly, the second research 
question was replied based on literature and the opinions of experts. Thus, the proof 
process was staged as basic components and then exemplified.   

Unlike previous studies (Boero, 1999; Leron, 1983) in which the structure and 
stages of proofs were revealed, this study is inspired by the studies that deal with the 
difficulties students experience in the process of proof and the existing literature. In 
studies investigating the difficulties of proof, the content of the proof is also 
addressed, albeit not directly, and this gives us an idea of the nature of the proof. 
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2  Literature Review 

The proof process is a complicated and hierarchical process in which more than one 
thinking process and stage are included, and mathematical information is used in an 
intertwined manner. Students come to a dead end when they do not know what to do 
when constructing proofs (Selden & Selden, 2008; Weber, 2001). In the proof process, 
students mentally go through steps of identifying the problem, making an 
assumption, testing the truth of the assumption by outlining the proof, conclusions, 
re-checking the proof that has been obtained, and making justification (Faizah, 
Nusantara, Sudirman, & Rahardi, 2020). Researchers state that pre-service 
mathematics teachers who encounter a mathematical proof for the first time face 
problems such as not knowing how or where to start, not understanding the logic of 
the proof, not being able to decide on what kind of method and conceptual 
information to use, and not being able to conclude the proof (Güler, 2013; Güler & 
Dikici, 2014; Moore, 1990; Moore, 1994; Polat & Akgün, 2016; Selden, Selden, & 
Benkhalti, 2018; Weber, 2001; Yeşilyurt Çetin & Dikici, 2020). 

 To understand the abstract and conceptual structure of mathematics, it is very 
important for students to understand the concept of proofs, what a proof is, why 
proofs are constructed, and the proof process (Sarı, 2011). If students do not know 
how to construct a proof, they try informal approaches, such as using examples or 
looking at a graph (Raman, 2002). At the undergraduate level, when mathematics 
students are expected to construct a proof, sufficient time is not allocated to helping 
students learn how to do so, and therefore the difficulties that students face cause 
many of them to quit studying mathematics (Selden & Selden, 2008). Pre-service 
teachers have difficulty in constructing long, acceptance-based proofs that they 
encounter for the first time (Polat & Akgün, 2016). Furthermore, most pre-service 
teachers do not know how to start a proof (Güler & Dikici, 2014; Polat & Akgün, 2016). 

According to Weber (2001), the primary cause of failure in constructing proofs is 
the lack of strategic knowledge and it must therefore be ensured that students gain 
effective strategic knowledge. Pre-service teachers have difficulty in determining a 
proper proof method and strategy when constructing proofs (Doruk & Kaplan, 2015; 
Güler, 2013).  According to Karakuş and Dikici (2017), students of secondary school 
mathematics teaching have difficulty in using proof methods effectively, although 
they think that proof methods play a significant role in the proof process. Demiray 
(2013) determined that pre-service teachers are highly successful in refutation and 
proof by contradiction, but they give incorrect answers to contrapositive proof 
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questions since they have difficulty in realizing and understanding the equivalence of 
contrapositive expressions, and pre-service teachers further fail to see the difference 
between an empirical argument and a valid proof. According to Ceylan (2012), the use 
of examples in the proof process by pre-service teachers may mean that they do not 
have sufficient logical inferences. Furthermore, according to Güler, Özdemir, and 
Dikici (2012), pre-service teachers failed to understand the relationship between 
mathematical induction steps completely and perceived this proof method as a 
procedure to be followed. The results of that study showed that pre-service teachers 
understand mathematical induction but fail to generate the induction step by using 
the induction hypothesis. In another study, Jones (2000) pointed out that pre-service 
mathematics teachers do not have a sufficient level of skills to construct proofs; that 
they do not have the mathematical knowledge necessary for effective mathematics 
teaching, including those in advanced grades; and that they graduate this way. It was 
also shown that pre-service teachers in advanced grades can construct proofs more 
smoothly in technical terms, but this does not provide them any benefit in terms of 
their associated mathematical knowledge in conceptual terms. 

Karaoğlu (2010) stated that sufficient conceptual knowledge is needed to complete 
a proof and to understand how to use such knowledge in the proof of a theorem. Pre-
service teachers have difficulty with proofs that can be done by using definitions even 
at the most basic level (Şahin, 2016). A pre-service mathematics teacher’s experience 
with proofs, sufficient conceptual understanding, and skill in following different 
methods are all important for directing towards conceptual images when 
encountering a mathematical problem and having the skills to begin a proof (Bayazit, 
2009). When pre-service teachers do not have conceptual knowledge about the 
theorem they want to prove, they cannot start to construct the proof, and so they begin 
with the help of the concepts obtained by investigating all the concepts related to the 
theorem in their mind and try to find the one that works. However, if their available 
knowledge is insufficient, they cannot conclude the proof (Karaoğlu, 2010). Another 
difficulty encountered in the proof process is incomplete or incorrect preliminary 
knowledge (Polat & Akgün, 2016; Yeşilyurt Çetin, & Dikici, 2020). Even if the pre-
service teachers know which property and definition to use in the proof, they have 
difficulty using them while constructing the proof (Güler, 2013; Yeşilyurt Çetin, & 
Dikici, 2020).  
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By using the relevant literature, Moore (1990) addressed the difficulties 
experienced by undergraduate mathematics students in understanding proofs and the 
construction of proofs within seven categories. Accordingly, these students: 

• do not know or cannot express definitions; 
•  have an inadequate intuitive understanding of the concepts; 
• are not competent in proving conceptual images; 
• are unsuccessful or unwilling to create and use their own examples; 
• do not know how to use definitions to create the whole structure of a proof;  
• are unsuccessful in understanding and using mathematical language and 

notation; and 
• do not know how to start the proof process. 

According to Moore (1990), students also experience an inability to coordinate and 
use all the information simultaneously in constructing mathematical proofs. Güler 
(2014) addressed the difficulties faced by pre-service teachers in the proof process 
within five categories as follows: determining how to start the proof, using the 
mathematical language and notation, using definitions, forming the setup of the proof 
(fully determining the steps to be followed), and selecting the elements from the set.  

Polat and Akgün (2016), who observed the proof process among pre-service 
teachers, stated that pre-service teachers could not decide on which definition to use 
when constructing proofs, do not make any plans before starting the proof process, 
and cannot decide on how to begin the proof. They examined the reasons for the 
difficulties experienced by pre-service teachers in the proof process under two 
headings, those originating from the individual and those originating from the 
mathematical subject, and they charted them as follows: 
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Figure 1.   Reasons for experiencing difficulties in the proof process by pre-service teachers 
(Polat and Akgün, 2016). 

According to Stewart and Thomas (2019), the reason why students face so many 
difficulties during the proof process is that each component in a proof is packed with 
different conceptual ideas. Therefore, it may be unrealistic to expect students to 
logically piece together the many definitions, other theorems, and various results that 
would help in completing a proof.  

As can be seen from this literature review, the proof process is a complex process 
involving many difficulties that must be overcome step by step. In this study, each of 
these steps that make up a proof is called a basic component, and it is aimed to 
structure the mathematical proof process in abstract algebra into phases with the help 
of these basic components. This would make it possible to refine the proof process 
from relative complexity and address it within the framework of a certain order. 

3 Method 

A qualitative research method was used in this study, which aimed to phase the 
mathematical proof process in abstract algebra with the help of basic components by 
giving explanations about the process in accordance with expert opinions. Qualitative 
research methods are preferred when there is a theory gap in a subject, or when the 
existing theory is incapable of explaining the phenomenon. Moreover, the primary 
tool in data collection and analysis in qualitative research is the researcher himself or 

C
au

se
s o

f D
iff

ic
ul

ty
 in

 th
e 

Pr
oo

f P
ro

ce
ss

Reasons Originating from 
the Person

*Preconceptions
*Lack of preliminary 

knowledge
*Lack of knowledge of 

definitions
*Lack of basic knowledge
*An inability to decide 

how to start the proof
*Forgetting

Reasons Originating from 
the Subject *Long proofs

*Acceptance-based proofs



YEŞILYURT ÇETIN & DIKICI (2021) 

241 
 

herself (Merriam, 2013). In this study, in which the proof process is partitioned into 
phases, the researchers themselves were the main elements in the collection and 
analysis of data. 

Among qualitative research methods, a case study design was utilized in this study. 
A case study is a qualitative research method that offers the opportunity to gain in-
depth knowledge of the meaning of situations and events (Merriam, 1998). In this 
study, basic components were created in order to understand the proof process in 
depth, and as these basic components were identified, relevant documents and 
literature were used together with expert opinions. 

3.1 Participants 

In determining the basic components that make up the mathematical proof process 
in abstract algebra, three professors who conduct academic studies in the field of 
algebra were asked to make an examination and provide their opinions. These experts 
had at least 10 years of experience in teaching abstract algebra, number theory, and 
linear algebra.  

3.2 Data Collection 

In this study, document analysis was performed, and expert opinions were obtained 
in order to find the answer to the following questions: “What are the difficulties 
students face during the mathematical proof process?” and “What are the stages of 
the mathematical proof process in abstract algebra?”. Documents are important 
sources of information that must be used effectively in qualitative studies. A document 
analysis involves the examination of written materials about the cases or situations 
that are being investigated (Yıldırım & Şimşek, 2008).  

Mathematical proofs are complex processes with many challenges that consist of 
several steps. Therefore, the proofs determined by the researchers were divided into 
steps so that the proof completion process could be addressed step by step with the 
complexity removed. In addition to literature review, the textbooks (Çallıalp, 2009; 
Karakaş, 2001; Taşçı, 2010) and course materials for abstract algebra, the notes of the 
lecturers teaching abstract algebra, the course notes of students were also examined 
and evaluated to identify the difficulties in the mathematical proof process. 
Accordingly, a draft basic component form involving those difficulties was 
constructed. The literature on the difficulties experienced in the mathematical proof 
process was briefly explained to three experts in algebra together with basic 
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information about the study, and they were asked to share their views on the draft 
basic component form and evaluate it. And then this draft form was reshaped in the 
light of their opinions. The final form of the ‘basic component form’, which was shaped 
by the document analysis and expert opinions, is presented in detail below in the 
“Findings” section. 

3.3 Credibility and Transferability 

The credibility and transferability issues for the findings were pursued in the following 
way: After ‘the draft basic component form’ was prepared, two mathematicians 
checked ‘the draft basic component form’ and after ‘the basic component form for 
proofs’ was prepared, five mathematicians checked ‘the basic component form for 
proofs’.  

One of the methods used to increase the credibility of a study is to obtain expert 
opinions. While determining the basic components, the opinions of three experts were 
obtained, and the process was directed in this direction. In this study, textbooks and 
course materials for abstract algebra, the notes of the lecturers, the course notes of 
students, notes taken during the study, and the relevant literature were examined and 
evaluated in the light of expert opinions. In this way, the credibility of the study was 
increased through a diversity of methods. 

3.4 Analysis of the Data 

In case studies, the researcher must rely on his or her own instincts and skills 
(Merriam, 2013). The data for the determination of the basic components that make 
up the mathematical proof process were analyzed by descriptive analysis in line with 
the researchers’ instincts and skills and are presented with a holistic approach. 
Purpose in descriptive analysis to present the obtained findings in an organized and 
interpreted manner (Yıldırım & Şimşek, 2008). In the descriptive analysis of the data, 
the expert opinions on the draft of the basic component form, which was created as a 
result of document analysis, were taken as a basis. The opinions of the three expert 
academicians on the draft of the basic component form are quoted in detail. 

The literature addressing the difficulties experienced in the mathematical proof 
process is explored step by step and analyzed as follows: 

 
 
 



YEŞILYURT ÇETIN & DIKICI (2021) 

243 
 

Table 1.  Difficulties experienced in the mathematical proof process according to literature review 

The Challenges Encountered in the Mathematical 
Proof Process 
 

The Role of the Challenges Encountered in the 
Mathematical Proof Process in the Draft of the 
Basic Component Form 

Understanding the logic of the proof Determine the hypothesis and determine the 
judgement 

Knowing how and where to start the proof Use of hypothesis 

• Being able to decide what kind of method and 
conceptual information to use 

• Knowing how to use preliminary knowledge, 
definitions, properties and concepts to create 
the whole structure of the proof 

• Understanding and using the mathematical 
language and notation 

• Forming the setup of the proof (fully 
determining the steps to be followed) 

Process steps 
 

Being able to conclude the proof Reaching proof 

 
Figure 2, created based on Table 1, was submitted for expert examination. Figure 

3 was created in accordance with the expert opinions.  

3.5 Ethical Issues 

In this study, the purpose and method used are presented to the reader with a detailed 
explanation. The experts whose opinions were used were informed about the research 
process and their personal information was kept confidential, but some academic 
information about the experts was included in order to ensure the credibility and 
transferability of the study. Furthermore, the researchers in this study did not act 
biasedly in the process of data analysis and have reported the findings that they 
obtained without making any changes to them. 

4 Findings 

In this section, it is aimed to determine the basic components of the mathematical 
proof process. To this end, the proof process was schematized as a draft basic 
component form after examining textbooks about theories and proofs in abstract 
algebra, the course notes of the lecturers and the course notes of students together 
with the literature revealing the challenges encountered in the mathematical proof 
process. 
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Figure 2.   Draft basic component form. 

The draft of the basic component form was submitted for the review of the three 
expert academicians. The literature on the difficulties experienced by students in the 
mathematical proof process was also provided to the experts, and their opinions on 
the draft form were obtained. One of the experts (P1) stated that the division of the 
process steps here should be expanded by being detailed in a non-hierarchical order, 
such as the use of definitions, use of properties, use of knowledge and theorems, and 
the performing operations. The second expert (P2) expressed similar opinions and 
stated that the step of using the hypothesis should be included in this non-hierarchical 
order. The third expert (P3) stated that the step of determining the method should be 
added after the step of determining the judgement.  

The literature that reveals the difficulties experienced in the mathematical proof 
process and the expert opinions about the basic component form were analyzed as 
follows: 

 
 
 
 
 

Determine the Hypothesis

Determine the Judgement

Use of Hypothesis 

Process Steps

Reaching Proof
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Table 2.  Developmental process of the basic component form based on literature and expert opinions 

The Challenges Encountered in 
the Mathematical Proof Process Expert Opinions 

The Role of the Challenges 
Encountered in the 
Mathematical Proof Process in 
the Draft of the Basic 
Component Form 

Understanding the logic of 
proofs No opinion  Determine the hypothesis and 

the judgement 

Being able to decide what kind of 
method and conceptual 
information to use 
 

The step of determining the 
method should be added after 
the step of determining the 
judgement (P3),  

Determine the proof method 

Knowing how and where to start 
the proof 

The step of using the hypothesis 
should be included in a non-
hierarchical order (P2) 

Use of hypothesis 

Knowing how to use definitions 
to create the whole structure of 
the proof 

The step of using definitions 
should be included in a non-
hierarchical order (P1, P2) 

Use of definition 

Knowing how to use properties 
to create the whole structure of 
the proof 

The step of using properties 
should be included in a non-
hierarchical order (P1, P2) 

Use of property 

Being able to decide what kind of 
conceptual information to use to 
create the whole structure of the 
proof 

No opinion Use of conceptual knowledge 

Knowing how to use preliminary 
knowledge and basic information 
to create the whole structure of 
the proof 

The step of using knowledge and 
theorems should be included in a 
non-hierarchical order (P1, P2) 

Use of knowledge 

Forming the setup of the proof 
(fully determining the steps to be 
followed) 

The step of performing 
operations should be included in 
a non-hierarchical order (P1, P2) 

Perform Operations 

Being able to conclude the proof 
in accordance with mathematical 
language and notation 

No opinion Complete the proof 
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Based on the expert opinions and the challenges encountered in the mathematical 
proof process, the basic component form was reshaped as follows. 

 

Figure 3.   The basic component form for proofs . 

These steps are non-hierarchical, and there is no obligation to apply every step in 
every proof. In other words, it is not necessary to determine the hypothesis in the 
proof of a theorem that only determines the judgement, such as “Prime numbers are 
infinite.” Similarly, while no definition is used in certain proofs, there is no need to 
use any conceptual knowledge or properties in some others. 

It is expected that an assumption that will provide the basis for a proof, or in other 
words that will lay the foundation of the proof, will be established in the stage of 
determining the hypothesis. For example, for the proposition ⇒ 𝑞𝑞 , the expression 𝑝𝑝 
is the hypothesis and it is important to be able to determine hypothesis 𝑝𝑝 and write it 
in mathematical language and notation in order to start proving this proposition.  

At the stage of determining the judgement, it is expected that the judgement to be 
achieved based on the hypothesis will be determined, creating the basis of the proof 
in this way. For example, for the proposition 𝑝𝑝 ⇒ 𝑞𝑞, the expression 𝑞𝑞 is the judgement, 
and it is important to write judgement 𝑞𝑞 in mathematical language and notation in 
order to be able to shape the proof of this proposition.  

In the basic component form, comprising the process steps of the draft basic 
component form as finalized by expert opinions, the components are the use of 
hypothesis, use of definitions, use of properties, use of conceptual knowledge, use of 
knowledge, and perform operations. These are used according to the content of the 

Determine the Hypothesis

Determine the Judgement

Determine the Proof Method
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*Use of Knowledge
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proof and in a non-hierarchical order. Therefore, in some proofs, all these basic 
components are used, while only one or some of them are used in others. 

The writing of expressions to help construct a proof based on the hypothesis is 
expected in the step of using the hypothesis, and it is expected that an auxiliary 
theorem will be used, which should be known at the time or else should be information 
gained during the flow of the proof in the step of using knowledge. The use of a 
property that helps to build the proof is essential in the step of using properties, while 
the use of an expression that is present in the hypothesis/ judgement or that is 
mentioned anywhere in the proof and expected to help in the construction of the proof 
is essential in the step of using definitions. It is expected that the appropriate concepts 
and the information related to these concepts will be selected and used correctly in 
the step of using conceptual knowledge. For example, using the definition of 
subgroups or prime numbers was addressed as the use of definitions, selecting and 
using the concepts of unit elements and inverse elements in accordance with their 
properties was addressed as the use of conceptual knowledge, and using group 
properties when performing an operation was addressed as the use of properties. The 
component of performing operations aims to reveal the state of taking the proof to a 
certain level with various algebraic operations. In order to perform an algebraic 
operation, it may sometimes be necessary to use a definition, sometimes a property, 
and sometimes conceptual knowledge. At this point, deficiency in one of these areas 
will make it impossible to successfully complete the proof process. 

At the stage of completing the proof, students are expected to complete the proof 
according to mathematical language and notation by using all the data or information 
obtained. 

It is believed that the basic proof components determined in this form will help 
students successfully undertake the proof completion process by following a specific 
order.  

4.1 Examples of Proofs Divided into the Basic Components 

Examples of proofs that are divided into the basic components of the mathematical 
proof process in abstract algebra are presented below. The proofs below have been 
taken from the textbooks (Çallıalp, 2009; Karakaş, 2001; Taşçı, 2010) and course 
materials for abstract algebra, the notes of the lecturers, the course notes of students. 
These proofs are divided into the basic components by researchers and confirmed by 
five mathematicians that checked ‘the basic component form for proofs’.  
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An example of a proof in which the components of “use of property”, “use of 
definition”, “perform operations”, “use of conceptual knowledge”, and “complete the 
proof” are used is given in the following theorem. 

 

Figure 4.   First example for a proof divided into basic components. 

In the proof of the above theorem, in cases i, ii, and iii, the subgroup properties 
are called “use of property”. In step i, the process of performing operations is 
discussed using the definition of the normal subgroup. In step ii, knowledge about the 
concept of the unit element is used. In step iii, knowledge about the concept of the 
inverse element is used. Based on all these steps, the completion of the proof is written 
as the final sentence.  

An example of a proof in which the components of “determine the proof method”, 
“determine the hypothesis”, “use of hypothesis”, “use of definition”, and “complete 
the proof” are used is given in the following theorem. 
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Figure 5.   Second example for a proof divided into basic components. 

The proof of the theorem presented above was started by determining the method, 
and then the hypothesis was determined, and an equation was established using this 
hypothesis. In the established equation, the proof was constructed using the definition 
of the unit element 𝑜𝑜(𝑎𝑎) = 𝑟𝑟 ⇒ 𝑎𝑎𝑟𝑟 = 𝑒𝑒 and an inference was made by using the 
definition of order. All of this knowledge was interpreted together, and the proof was 
completed.  

An example of a proof in which the components of “determine the hypothesis”, 
“determine the judgement”, “use of definition”, and “complete the proof” are used is 
given in the following theorem. 

 

Figure 6.   Third example for a proof divided into basic components. 
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In the proof of the theorem presented above, the hypothesis and judgement were 
determined based on the statement of the theorem and proof was started in that way. 
Necessary comments were made using the definitions of intersection and subgroup, 
and the proof was completed in light of these comments.  

The example of a proof in which the components of “determine the hypothesis”, 
“use of hypothesis”, “use of definition”, “use of conceptual knowledge”, “use of 
knowledge”, and “complete the proof” are used is given in the following theorem. 

 

Figure 7.   Forth example for a proof divided into basic components. 

In the proof of the theorem presented above, the hypothesis was determined based 
on the statement of the theorem, and by using this hypothesis, left cosets 𝑥𝑥𝑥𝑥 and 𝑦𝑦𝑥𝑥, 
the intersections of which are different from the empty set, were established. Then, 
using the definition of intersections, the proof was advanced by using conceptual 
knowledge about the concept of cosets. Finally, it was concluded that  𝐺𝐺 ⊆ ⋃ 𝑥𝑥𝑥𝑥𝑥𝑥∈𝐺𝐺  by 
using the information achieved while determining the hypothesis and the flow of the 
proof, and the proof was completed using all this information.  
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5 Results and Discussion 

The purpose of this study is to stage the mathematical proof process in abstract 
algebra according to its basic components. Therefore, a literature review was carried 
out regarding how the mathematical proof process was experienced by students and 
teacher candidates and what kinds of difficulties they faced in this process. The proof 
process was then staged as basic components based on the difficulties identified 
according to the literature and the opinions of experts. 

Proofs were addressed step by step with a non-compulsory and non-hierarchical 
structure with the basic component form (Figure 3) that was created in line with the 
challenges that students encounter in the mathematical proof process. The final basic 
component form was established in accordance with the opinions of algebra 
specialists. It is not necessary for each of these components to be included in a proof. 
The basic components of a proof may vary according to the statement and the proof 
structure of the theorems. Similarly to this study, Boero (1999) and Leron (1983) dealt 
with proof generation with non-linear steps. 

One of the difficulties encountered in the mathematical proof process is not 
knowing how and from where to begin the construction of the proof (Karaoğlu, 2010; 
Moore, 1990; Moralı, Uğurel, Türnüklü, & Yeşildere, 2006; Polat & Akgün, 2016; 
Yeşilyurt Çetin & Dikici, 2020). In the basic component form presented in Figure 3, 
the process of starting the proof is addressed in two sub-steps: determining the 
hypothesis and determining the judgement. The step of determining the hypothesis 
includes the establishment of an assumption that constitutes the basis of proof, while 
the step of determining the judgement includes the determination of the judgement 
to be achieved based on the hypothesis. Similarly, according to Boero (1999), the first 
two stages of mathematical proof construction are generating an assumption and 
formulating the statement according to shared textual conventions. 

Another difficulty encountered in the proof process is determining the proof 
method and strategy (Doruk & Kaplan, 2015; Güler, 2013; Karakuş & Dikici, 2017; 
Weber, 2001), and it is necessary to check the accuracy of the selected method while 
examining the proof process. In this study, the step of determining the proof method 
in the basic component form involves determining the appropriate proof method 
based on the use of the theorem. 

The proof process is found to be influenced by the fact that students have adequate 
conceptual knowledge (Karaoğlu, 2010; Moore, 1990) and understand mathematical 
definitions and how to use them (Bayazit, 2009; Moore, 1990; Polat & Akgün, 2016; 
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Şahin, 2016). Students’ lack of preliminary basic knowledge also makes this process 
more difficult (Polat & Akgün, 2016). Therefore, whether students’ preliminary 
knowledge and conceptual knowledge are sufficient and whether they can use their 
knowledge and the definitions are also factors that shape the mathematical proof 
process. The component of “use of definition” in the basic component form presented 
in Figure 3 involves the use of definitions for the purpose of the proof. The component 
of “use of knowledge” involves the use of preliminary knowledge that must be 
possessed or the information achieved in the proof process, while the component of 
“use of conceptual knowledge” involves accurately selecting and using mathematical 
concepts and information related to these concepts. The component of “use of 
hypothesis” involves the use of this hypothesis in the flow of the proof. In addition, 
the component of “use of hypothesis” in this study is similar to the third phase of 
Boero’s (1999) study, “exploration of the content of the conjecture”. 

It is thought that the components of “use of property” and “perform operations”, 
which were added to the basic component form in accordance with the opinions of 
three academicians, experts in the field of algebra, shape the proof process. The 
component of “use of property” involves using a mathematical property that is 
expected to help construct the proof, while the component of “perform operations” 
involves carrying the proof to a certain level with various algebraic operations. 

The component of “complete the proof” requires that all the information obtained 
in the proof process is addressed in a certain order, that the necessary inference is 
made, and that the proof is completed with expressions suitable for mathematical 
language and notation.  

It is thought that structuring the proof of a theorem into phases with the help of 
basic components and addressing the proof process of students step by step with these 
components will provide convenience in both the teaching and the investigation of the 
proof process. It is hoped that the teaching of proofs within a specific non-hierarchical 
order using the basic component form presented in Figure 3 will facilitate 
understanding and allow teachers to identify which step in the proof process is 
difficult for a student. Therefore, it is suggested that including the basic component 
form and the proofs prepared for this form in textbooks would provide convenience 
for students in the proof process. In addition, similar studies can be conducted on 
whether the basic component form revealed in this study can be applied to other 
mathematics courses other than abstract algebra.  
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As Selden, Selden, & Benkhalti (2018) suggests, if certain stages of the proof are 
requested from the students, the success in proving can be increased. Proofs can be 
staged with the basic components set out in this study. In addition, students may be 
asked to complete some missing components instead of completing a proper proof.  
In this case, the teacher can decide about which component will be missing according 
to the use of this component in the proof. For example, in a proof about 
homomorphism, the 'use of property' in which the homomorphism property is used 
is left incomplete and the student can be expected to complete. Or, while teaching 
such kind of proof, it can be emphasized that the most important thing in making such 
a proof is the ‘use of property’. Thus, students focus on a major part of the proof but 
not a whole proof, and they are exposed to staged proofs rather than long and 
intimidating proofs. 
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